In the particular case of solving large-scale boundary value problems, the computational cost derived as a result of the application of any numerical scheme represent a determinant factor in the determination of its computational efficiency. The present work studies the influence of the nonoverlapping domain decomposition and higher order interpolation functions on the Hermite radial basis collocation method, as a way to improve its efficiency under high demanding numerical conditions. A series of high Péclet convection diffusion and multi-zone problems are tested. Comparison between the numerical results and its analytical solution is carried out for each of them.
INTRODUCTION
The use of a mesh is a basic characteristic of traditional numerical approaches for the solution of partial differential equations. It is the case for domain methods as the finite difference, element and volume and also for boundary methods such as the boundary element method. In the case of domain methods, assumptions are made for the local approximation, which require internal mesh to support them. On the other hand, in the case on boundary methods, a boundary mesh is required to obtain a numerical approximation of the resulting boundary integrals.
The construction of a mesh in two or more dimensions is a non-trivial problem. Usually, in practice, only low order approximations are employed (none Hermitian) resulting in a continuous approximation of the function across the mesh but not its partial derivatives. The discontinuity of the approximation of the derivative can adversely affect the stability of the solution. Due to the fact that higher order schemes are necessary for more accurate approximations of the spatial derivatives they usually involve additional computational cost. To increase the accuracy of low order schemes it is required that the computational mesh be refined with a higher density of elements in the regions near the contours. This, however, is also achieved at the expense of increased computational cost. During recent years, considerable effort has been given to the development of the so-called free-mesh methods (meshless approach). The aim of this type of approach is to eliminate at least the structure of the mesh and approximate the solution entirely using nodes values inside and/or in the boundary quasi random distributed in the domain.
Recently, some significant developments in meshless methods for solving boundary value problems of partial differential equations have been reported in the literature. For instance, the meshlees local Petrov-Galerkin and local boundary integral methods were given by Atluri et al. [1] and [2] , respectively. These two methods basically transform the original problem into a local weak formulation over each subdomain, and the shape functions were constructed from using the moving least-squares approximation to interpolate the solution.
In this work we used a truly meshless numerical scheme based upon Hermite interpolation property of the radial basis functions. In recent years the theory of radial basis functions (RBFs) has undergone intensive research and enjoyed considerable success as a technique for interpolating multivariable data and functions. Unlike other interpolating functions RBFs are not restricted to problems with only convex hulls or uniform data spacing.
Although most work to date on RBFs relates to scattered data approximation and in general to interpolation theory there has recently been an increased interest in their use for solving PDEs. This approach, which approximates the whole solution of the PDE directly using RBFs, is very attractive due to the fact that this is truly a mesh free technique. Kansa [3] , [4] introduced the concept of solving PDEs using RBFs. He focused upon the multiquadric function and argued that PDEs are intrinsically related to the interpolation scheme from which PDE solvers are derived.
The above approach has been applied successfully in several cases (see for matrix can be non-singular. On the other hand, Fasshauer [14] suggested an alternative approach to the symmetric scheme based on the Hermite interpolation property of the radial basis functions, which states that the RBFs not only are able to interpolate a given function but also its derivatives. The convergence proof for RBF Hermite-Brikhoff interpolation was given by Wu [15] who also proved the convergence of this approach when solving PDEs (see Wu [16] and Schaback and Franke [17] ). Another advantage of the Hermite based approach is that the matrix resulting from the scheme is symmetric, as opposed to the completely unstructured matrix of the same size resulting from unsymmetric schemes.
From a series of simple steady state numerical examples Fasshauer [14] concluded that it seems that the symmetric method performs slightly better than the unsymmetric one. Jumarhon et al. [18] and Leitao [19] observed similar improvement when using symmetric algorithms instead of unsymmetric. More recently Power and Barraco [20] found that the unsymmetric method has some difficulties solving convection-diffusion problems at high Péclet number, which do not come across using the symmetry approach. Li and Chen [21] pointed out that these inconveniences that the unsymmetry approach has to predict high Péclet can be improve by using higher-order radial basis functions and overlapping domain decomposition technique.
Similar difficulties concerning the conditional number of the resulting matrix system encountered when using the unsymmetric approach with a large number of collocation points are observed when using the symmetric Hermite approach. The techniques previous commented to mitigate the ill-conditioned character of the unsymmetric approach could be implemented when using the symmetric one with a large number of collocation points.
The main objective of this work is to study and test some of the above mentioned techniques in order to increase the computational efficiency of the radial basis function Hermite collocation method (symmetric approach). In particular, we will study the non-overlapping domain decomposition and the use of higher order interpolation functions. It is important to point out that the scheme of non-overlapping domain decomposition can be directly applied to solve multi-zones problems, where in each zone different values of the problem's parameters are defined. The domain decomposition approach is itself a very powerful and popular scheme in numerical analysis, which have recently increased its popularity due to its use in parallel computing algorithms.
This work is part of the research carried out by a consortium of European 130 Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems Institutions that are investigating the possibility of the sealing of the subsoil to block seawater intrusion by inducing the formation of crystals inside the porous matrix (CRYSTECHSALIN project, EVK1-CT-2000-00055). The use of a Hermitian meshless collocation numerical approach was selected in the project due to its flexibility on dealing with moving boundary problems and their high precision on predicting surface fluxes, which is a crucial part of the diffusion controlled crystallization process that needs to be analysed as part of the CRYSTECHSALIN project.
RADIAL BASIS FUNCTION MESHLESS SYMMETRIC APPROACH
In recent years the theory of radial basis functions (RBFs) has undergone intensive research and enjoyed considerable success as a technique for interpolating multivariable data and functions. A radial basis function, Ψ(x -x j ) = ψ(||x -x j ||) depends upon the separation distances of a sub set of data centres, X ʚ ᑬ ᒋ , {ξ j ∈ X, j = 1,2,…,N}. Due to RBFs spherical symmetry about the centres ξ j (nodal or collocation points), they are called radial. The distances, ||x -ξ j ||, are usually taken to be the Euclidean metric, although other metrics are possible (for more details see Golberg and Chen [22] ).
The most popular RBFs are: Duchon [23] derived the thin plate splines (TPS) as an optimum solution to the interpolation problem in a certain Hilbert space via the construction of a reproducing kernel. Therefore, they are the natural generalisation of cubic splines in n>1 dimension. Even though TPS have been considered optimal in interpolating multivariate functions, in the sense of minimizing the bending energy, they do, however, only converge linearly (see Powell [24] ). On the other hand, the Hardy multiquadratics (MQ) functions converge exponentially and always produce a minimal semi-norm error as proved by Madych and Nelson [25] . However, despite MQ's excellent performance, it contains a free parameter, c, often referred to as the shape parameter. When c is small the resulting interpolating surface is pulled tightly to the data points, forming a cone-like basis functions. As c increases, the peak of the cone gradually flatters.
In a typical interpolation problem we have N pairs of data points {(ξ j , F(ξ j )) N j=1 }, which are assumed to be samples of the unknown function F that is to be interpolated by the function f, i.e. (1) in the sense that (2) along with the constrains condition (3) Here the numbers λ j , j=1,2,...,N, are real coefficients and Ψ is a radial basis function. The matrix formulation of the above interpolation problem can be written as Ax = b with (4) x T (, ß) and b T = (F, 0), where ß are the coefficients of the polynomial.
Micchelli [26] proved that for a case when the nodal points are all distinct, the matrix resulting from the above radial basis function interpolation is always non singular. Although, theoretically, the resulting matrix from the above interpolation technique is always invertible, numerical experiments show that the condition number of the matrix obtained with the use of RBFs like Gaussian or multiquadrics are extremely large when compared with those resulting from
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems the thin-plate splines with low values of m (see Schaback [27] ). Similar difficulties to those encountered with the Gaussian or multiquadrics functions are found when using the thin-plate splines functions with large values of m.
Madych and Nelson [25] found the following error estimation of the above interpolation algorithm, based on the minimum norm property of the radial basis functions: (5) for any continuous function F on R n and its interpolation approximation f in terms of the continuous function Ψ on R n that is conditional positive definite of order m, with l ≥ max {1,m} and (6) for any distribution X ∈ Ω ʚ R n of centres and x ∈ Ω, with h 0 > 0. In the same way, they found that the derivatives of the intermediate order 0 < |α| < l of the above radial basis function interpolation satisfy the estimates (7) Let us now consider a boundary value problem defined by:
where the operators L and B are linear partial differential operators on the domain Ω and at the contour Γ, respectively. In our numerical examples, the operator L is a second order partial differential operator. An unsymmetric RBF collocation method, as is the case of Kansa's method, represents the solution of the above boundary value problem by an interpolation function of the type of equation (1) . Being N the data points are distributed into a set of n boundary points, where the boundary condition (8-b) is imposed, and N -n interior points, where the governing equation (8-a) is required to be satisfied, i.e.
, together with the corresponding constrains condition (3).
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This expansion for C leads to a collocation matrix A of the form: (9) where the partial derivatives in the operators L and B are taken with respect to the variable x. The unsymmetric approach, which approximates the whole solution of the PDE directly using RBFs, is very attractive due to its simplicity of implementation. Although, this approach has been applied successfully in several cases (see for example [7] , [8] and [9] ). No existence of solution and convergence analysis is available in the literature and for some cases, it has been reported that the resulting matrix was extremely ill-conditioned and even singular for some distribution of the nodal points (see [8] ). Fedoseyev et al. [28] proposed an extension of the Kansa's method by using additional collocation points. A set of nodes at the boundary and beyond the boundary (at the exterior) is applied, where the governing equation is required to be satisfied. It was found that the suggested approach yields to more accurate results than only imposing the governing equation at internal nodes. In particularly significant improvement is achieved in the estimation of the unknown boundary variables. In the implementation of [28] double collocation at the boundary of the domain it is required to define two different set of collocation points where the boundary conditions and governing equations, respectively, are required to be satisfied. In principle the two conditions can be defined in a single set of surface points. However, due to lack of dependence on the differential operators of the used interpolation function in the unsymmetric approach, this alternative will results in an over-determined system of algebraic equations.
A Hermite RBF collocation method (symmetric approach) for the numerical solution of the above boundary value problem, defined by equations (8-a, b), represents the solution C by an interpolation function of the following type: (10) with n as the number of nodes on the boundary of Ω, N-n the number of internal nodes, L ξ and B ξ are the differential operators used in (8-a,b), but acting on Ψ viewed as a function of the second argument ξ. In contrast with the Kansa's method, in this approach both the governing equation and boundary condition differential operators determine the interpolation function.
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems This expansion for C leads to a collocation matrix A, which is of the form:
The matrix (11) is of the same type as the scattered Hermite interpolation matrices and thus non-singular as long as Ψ is chosen appropriately. A major point in favour of the Hermite based approach is that the matrix resulting from the scheme is symmetric, as opposed to the completely unstructured matrix of the same size resulting from unsymmetric schemes. It is important to observe that the above collocation approaches based on the use of radial basis function, symmetric or not, are not confined to elliptic boundary value problems.
Franke and Schaback [29] provide an estimation of a convergence order (error bound) of the above approach for the case of elliptic boundary values problems of order α, with constant coefficients. Their analysis is given in terms of the generalized Fourier transform of the interpolation function (see also Wu [16] ). In this case, for a given radial basis function Ψ, with a generalized Fourier transform ϕ satisfying the inequality (12) with certain constants 0 < c 1 ≤ c 2 and 2 σ ∈ N, σ ≥ 2, a rate convergence of order O(h σ-α ), in term of a norm L 2 -norm, was estimated.
Similar difficulties concerning the conditional number of the resulting matrix system encountered when using the unsymmetric approach with a large number of collocation points are observed when using the symmetric Hermite approach.
Due to the uncertainty regarding which RBF is the best to use in a collocation method for the solution of boundary value problems for partial differential equations in this work we will use the TPS. Furthermore, to avoid having singularity at r = 0 on the resulting differential operators of the matrix (11), it is necessary to use in the representation formula (10) at least the generalized TPS function ψ = r 6 log r together with the corresponding cubic polynomial.
HIGH ORDER THIN PLATE SPINE RADIAL BASIS FUNCTION
In order to prove the influence of the use of higher-order radial basis function on the accuracy of the Hermite collocation approach, we solved a series of diffusion convection boundary value problems at different Péclet number.
In order to guarantee non-singularity at the diagonal of the interpolation matrix (11), the lower order generalized Thin Plate Spline (TPS) used was r 6 log r with its corresponding polynomial term (augmented TPS). The other higherorder augmented TPS used in the numerical experiments were the r 8 log r, r 10 log r and r 12 log r functions with their corresponding polynomial term.
Let us solve two different steady state convection diffusion transport problems satisfying the governing equation (13) where D is a constant Diffusion coefficient, u 1 is a constant convective velocity in the direction x 1 and γ a constant source term. As a boundary condition at x = 0 a given value of concentration C (x=0) is used for both problems. On the other hand different boundary conditions at x = L are imposed. First we impose a given value of the concentration C (x=L) (Dirichlet) and as a second case we impose
The Diffusion coefficient is constant throughout the domain with a value of D = 1 dm 2 /s. The longitudinal velocity term is constant as well, but different values (u 1 =1, 5, 10, 20 dm/s) will be tested.
In order to solve the above mentioned problems a rectangular domain 0 ≤ x ≤ 10 dm and 0 ≤ y ≤ 2.5 dm is used, with imposing zero flux condition at the lateral walls. In the numerical implementation a total of 465 uniformly distributed collocation points (see in figure 1 ) were used.
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems The concentration throughout the domain is given by the following analytical solution: (14) where L is the total length of the domain.
Numerical results for two different values of the Péclet number, P e = u L/D = 10 and 50, are given in figures 2a and 3a, for each of them the abovementioned TPS were used. From these results, it is possible to appreciate that an excellent agreement between the analytical solution and the numerical results was achieved.
For a more comprehensive analysis, we report in the corresponding figurers 2b and 3b and 2c and 3c the relative error of the numerical results for each Péclet number considered and each radial basis function used. In the case of a Péclet number of 10 (figures 2b and 2c), excellent agreement is found between the analytical solution and the numerical results for each of the interpolation function used. However, the smaller average relative error of the order 10 -6 was found when using the augmented r 12 log r function.
In the case of Péclet number equal to 50, the relative error for all of the TPS used was of the order of (10 -4 ), the best results were found with the use of the functions r 10 log r and r 12 log r respectively. As it can be seen in figures 3b and 3c the main discrepancy between the numerical simulation and the analytical solution is presented in the region near x = L, were a shock structure is developed as the Péclet number increases. To be able to represent the strong shock structure at the end of the computational domain developed at high value of the Péclet number, P e > 50, it is necessary to use non uniform distribution of collocations points (for more details see Power and Barraco [20] ). Comparison between the analytical solution -and numerical results using: * r 6 log r, o r 8 log r, ∆ r 10 log r and + r 12 log r, at Péclet =50. Fig. 3b Relative error for -r 6 log r and • r 8 log r. Fig. 3c Relative error for -r 10 log r and • r 12 log r. The analytical solution of this boundary value problem is give by:
∂C ∂n
As in the previous section we used four different TPS as interpolation functions with the same number and distribution of collocation points but different values of the Péclet number. Figures 4a and 5a show excellent agreement between the analytical solution and the numerical one for values of P e = 10 and 50.
In the case of Péclet number equal to 10 an excellent agreement is reached between the analytical solution and the numerical one for every one of the TPS used (see figures 4b and 4c). The smaller average relative error is given by the augmented r 12 log r function, however little difference is observed when using the augmented r 10 log r function.
Increasing the value of the velocity u = 5 dm/s i.e. P e = 50, we found that the smaller average relative error of the order 10 -5 was obtained using the augmented interpolation function r 12 log r. Also it is important to mention that the error obtained for all the used TPS functions is of the same order of magnitude, as can be seen in figures 5b and 5c.
In contrast with the previous case, accurate numerical results for higher values of the Péclet number can be obtained without the use of non-uniform meshes due to the resulting smoothness behavior of the solution. Solutions at values of P e = 100 and 200 using the previous uniform distribution of 465 collocations points are showed in figures 6 and 7, respectively. Figure 4a . Comparison between the analytical solution -and numerical results using: * r 6 log r, o r 8 log r, ∆ r 10 log r and + r 12 log r, at Péclet =10. Fig. 4b Relative error for -r 6 log r and • • r 8 log r. Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems Figure 5a . Comparison between the analytical solution -and numerical results using: * r 6 log r, o r 8 log r, ∆ r 10 log r and + r 12 log r, at Péclet =50. Fig. 5b Relative error for -r 6 log r and • • r 8 log r. Comparison between the analytical solution -and numerical results using: * r 6 log r, o r 8 log r, ∆ r 10 log r and + r 12 log r, at Péclet =200.
∂C ∂n ∂C ∂n
multi-model couplings problems, where different governing equations are to be satisfied at each of the sub-domains. When dealing with the numerical simulation of large problems, it is usual to use the method of domain decomposition, in which the original domain is divided into sub-regions, and on each of them the original governing equations are imposed. The domain decomposition approach is itself a very powerful and popular scheme in numerical analysis, which have recently increased its popularity due to its use in parallel computing algorithms.
The main objective of the domain decomposition method is to decompose one large global problem into smaller sub-domain problems (Chan et al. [30] , Garbey & Kaper [31] , Glowinski et al. [32] and Griebel & Schweitzer [33] ). In the implementation of the domain decomposition approach, two different alternatives are possible to use: overlapping and nonoverlapping schemes.
In the overlapping approach, the domain Ω is initially partitioned into n nonoverlapping sub-domains, and each of them is extended to a large region Ω i with overlap ∂ ij between neighbouring regions. Denoting Ω i as the extended subdomain, ∂Ω i its natural boundary and Γ i the artificial boundary overlapped with other neighbouring sub-domains. The original global problem is then decomposed into a series of sub-domain problems and the process of transmission of information among the sub-domains, is carried out iteratively through the overlapping regions i.e. through the artificial boundaries (Schwarz method). It is important to mention, that with the given natural boundary conditions, each subdomain problem is uniquely dependent on the artificial boundary conditions.
On the other hand, in the non-overlapping technique, the domain is divided into nonoverlapping sub-domains having common interface surfaces. In each sub-domain the original numerical scheme is implemented. Owing to the lack of the boundary condition on the interface between sub-domains and existence of two surface unknowns, i.e. in the present case the value of the concentration and the surface flux. For each interface boundary point, the number of unknowns is more than the number of the equations and therefore the resulting system is underdetermined. However, once the matching conditions are imposed and the subdomain assembled, then is possible to obtain a close system. There are no criteria on how the subsets of collocation points per subdomains have to be formed. Although, a very convenient way consists in to assign each subset with approximately the same number of data points, which produces a balance in the load of each sub-region required for an efficient implementation of parallel computing.
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems As in the overlapping approach, the problem can be solved by an iterative scheme in terms of one of the Schwarz methods, i.e. by solving recursively each of the sub-domains, or instead the complete close system can be solved directly without the used of an iterative scheme. The main difference between the overlapping and non-overlapping domain decomposition techniques is that in the case of the overlapping approach the use of iterative methods to deal with the sub-domain interfaces is compulsory. On the other hand, in the case of the nonoverlapping approach, it is not necessary to use an iterative scheme and the system can be solved simultaneously.
It is important to observe that the non-overlapping domain decomposition approach is naturally suited for the numerical solution of multi-zone problems, where the governing equations have different values of the problem parameters at different regions of the problem domain.
Several application of the domain decomposition approach have been reported in the literature when solving partial differential equations with the use of the unsymmetric radial basis function collocation approach. In the work by Kansa & Carlson [34] they conclude that one of the most efficient technique when solving dense system of linear equation is to use preconditioning and to make use of domain decomposition techniques.
In the work by Dubal [5] it can be seen a successful application of the domain decomposition with blending techniques for multiquadric approximation of second-order partial differential equation in a one-dimensional problem. Dubal concluded that using multiquadric interpolation with domain decomposition could solve in a very accurate manner elliptic PDEs and in the same way significantly improve the efficiency of the scheme from the computational point of view.
In this work will be implement the non-overlapping non-iterative domain decomposition approach for the numerical solution of boundary values problems based on the Hermite radial basis function collocation approach (symmetric approach), with application to multi-zone problems.
MULTI-ZONE PROBLEMS
Considering a problem that contains different regions, in which the coefficients of the governing equation are constant but different in each of them. In the implementation of the non-overlapping domain decomposition approach for the solution of multi-zone problems, the problem's domain is divided into a finite number of non-overlapping zones according with the behaviour of the governing equation.
In order to implement the symmetric approach to solve this type of multizone domain problem, the solution at each zone is represented by its corresponding Hermite interpolation using a set of collocation points within each of the zones and the points at the interface between them. At the interfaces points that coincide with the physical boundary of the problem, the corresponding boundary conditions are imposed, as previously explained, while at the internal points, it is required that the governing equation, with corresponding value of the parameters at each zone, should be satisfy.
To solve this type of problem it is necessary to impose the continuity of flux at the interfaces between the zones, i.e. the flux leaving one sub-zone has to be equal to the flux entering the other. Therefore, it is necessary that the following flux matching conditions hold at the m th interface of the sub-zones i and i+1: (16) Besides the above conditions, the concentration at each interface needs to be continuous, i.e.: (17) The Hermitian interpolation property of the symmetric approach (which takes into account the function and it's derivate) makes this method a natural technique to deal with the above matching conditions. There are two different alternatives to impose the interface matching conditions. First two different set of points at each sub-domains interface are defined. In each set of points a different matching condition is imposed, i.e. of the n = n 1 + n 2 interface points n 1 are required to satisfy the continuity of the concentration and on the remaining n 2 points the flux matching condition is satisfied (see figure 9 ). In this case the interpolation function (10) at the sub-domain i can be written as: (18) 146
Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems where the operator L i ξ is the transport partial differential operator at the interior of each subdomain.
On the other hand, due to the dependence of the Hermite interpolation on the partial differential operators, it is possible to impose simultaneously both conditions at each interface point. In this last case, as we are using a Hermite interpolation scheme, the resulting matrix system is non-singular as long as the partial differential operators applied to each point are linearly independent, even if in a single node we impose two different differential conditions (see Wu [16] ). In this case the interpolation function is reduced to: (12) where the flux matching condition at the interface m is reduced to (13) since we are imposing simultaneously at each interface point the continuity of concentration and flux, besides the convective velocity field needs to be continuous across the sub-domains. It is important to point out that the above double collocation strategy at the interface points can also be used in the standard unsymmetric approach (Kansa method). However due to lack of dependence on the differential operators of the corresponding interpolation function, this alternative will results in an over-determined system of algebraic equations.
In this article we have implemented both alternatives to impose the required interface matching conditions. The resulting numerical solutions in both cases were found to be almost identical. In order to test the proposed non-overlapping domain decomposition scheme in terms of the proposed Hermite radial basis function collocation approach, a series of multizone problems with known analytical solution are considered.
Numerical examples
Although in section 3, problems with constant velocity have been analysed, our original formulation of the proposed symmetric RBF numerical scheme was defined to deal with variable velocity fields and coefficients. This section discusses the application of the proposed symmetric RBF approach to cases with variables convective velocity field.
Let us consider steady state heat transfer problems in a circular cylinder with a circular hollow. At the origin a constant value of temperature is kept, and different boundary conditions at the exterior wall are imposed. The cylinder consists of three rings of constant but different parameters (see figure 8) , under these conditions, in cylindrical co-ordinates, the problem is described by the following equation: (21) where K i and a i are the thermal conductivity and heat generation rate at the zone (ring) i, respectively, and r is the radial distance. The matching conditions at the contact region between rings, i.e. continuity of temperature and flux are given by:
Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems A general analytical solution of the equation (21) is expressed by (Carslaw and Jaeger [35] ): (23) where A i and B i are constant to be determined from the boundary and matching conditions. By expanding the cylindrical Laplacian operator in equation (21), we obtain the following expression: (24) which can be interpreted as a one-dimensional convection diffusion equation with variable negative convective velocity field, u r i = -K i /r. The one-dimensional problem defined by equation (24), the matching conditions given by equation (22-a,b ) and the corresponding boundary conditions at r = r 0 and r = r 3 , will be solve here as two dimensional problem in the rectangular domain 1 ≤ x ≤ r 3 = 7 dm and 0 ≤ y ≤ 2 dm with zero lateral flux (see figure 9 ), were at each zone (ring) the following governing equation is satisfied: (25) To avoid the indeterminacy of two unknown fluxes at a corner point not collocation point is defined at corners of the sub-domains. The parameters involved in each of the numerical examples are given in table (1). Table 1 . Different values of heat production (Temperature/sec) and thermal conductivity (dm 2 /sec). Figure 10 b In figures 10 to 12 it is possible to appreciate the excellent agreement found between the numerical results using the above Hermite meshless collocation method and the analytical values from equation (23) . A total of 841 collocation points uniformly distributed were used (figure 9) in order to achieve the obtained accuracy.
Case Parameter Results
Case d in table 1 is more demanding in comparison with the others cases studied in this example due to the drastic changes in the heat production between the different zones, i.e. α 1 = 5, α 2 =-3, α 3 = 10 (Temperature/sec). In order to increase the accurate on the numerical result, it was necessary to increase the number of internal points. As it can be seen in figure 13 , where the results for two different set of uniform distribution of collocation points (841 and 2987) are presented, the accuracy of the scheme increased with the number of internal points at the expense of increasing its computational cost.
Based on the results obtained in section 3, the numerical solution reported on ∂T ∂n figure 13 were improved by using a higher order generalized TPS, i.e. instead of using r 6 log r the function r 12 log r with its corresponding polynomial term was used. Figure 14 shows excellent agreement between the analytical and the numerical results using as interpolation function r 12 log r with its corresponding six order polynomial term. The obtained result was found by using 1407 uniform distributed of collocation points instead of the 2987 points required by the best result obtained with the r 6 log r function. 5.1.2 Multi-zone cylinder with given temperature at the inner and zero flux at the outer walls Let us now consider the case of an insulated outer cylinder wall, i.e. instead of a given temperature a zero flux condition is imposed, ∂T ∂n = 0 at x = 7; 0 ≤ y ≤ 2. In this example we consider two different cases with a constant value of the thermal conductivity K 1 = K 2 = K 3 = 1 (dm 2 /sec) but different values of the heat production rate at each ring, as can be seen in table 2.
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems In figures 15 and 16, we present the results for the two cases given in Table  2 when using the augmented r 6 log r function with two different sets of uniformly distribution of collocation points, 841 and 2987. As it can be observed in these two cases it was necessary to increase significantly the number of collocation points to improve the numerical result. However, even with the use of the 2987 uniformly distributed knots the numerical results does ∂T ∂n Figure 14 Comparison between the analytical solution -and the numerical results obtained with the use of the RBF r 6 log r, (o), 841 collocation points, and r 6 log r (∆), 1407 collocation points, for the following parameters: T (x=1) =1, T (x=7) =2, α 1 = 5, α 2 = -3, α 3 = 10 (Temperature/sec) and K 1 = K 2 = K 3 = 1 (dm 2 /sec) . not achieve the desired accuracy, in particular near the outer wall with zero flux boundary condition (i.e. at x = 7). By the use of a higher TPS function it possible to improve the accuracy of the numerical results. In figures 17 and 18, corresponding to the previously mentioned two examples, we compare the results obtained with the use of the augmented TPS function r 12 log r with those obtained with the r 6 log r function.
∂T ∂n
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Non-overlapping domain decomposition algorithm for the Hermite radial basis function meshless collocation approach: applications to convection diffusion problems The results reported in the figures when using the r 6 log r augmented function corresponds 841 collocation points and in the case of r 6 log r 1407 points were used. As can be seen from the comparison between figures 15 and 16 with those of figures 17 and 18, the obtained results with the r 12 log r function and 1407 points are better than the best results obtained with the r 6 log r function even using 2987 collocation points. 
Journal of
CONCLUSION
The use of radial basis function collocation method to solve partial differential equations provides a simply accurate and truly meshes free technique. It is important to point out that in the case when this scheme is applied to solve large scale problems with a large number of data points, the resulting collocation matrix could be ill-conditioned and the computational performance poor. As a way to overcome these problems, a series of techniques are been proposed. The non-overlapping domain decomposition technique which is applied to this work with the basis functions locally at different zone resolution makes possible to improve the illconditioning problem through the reduction of the size of the full coefficient matrix to be solved in a global manner. The use of higher order radial basis function was proven to be a very efficient technique able to increase considerably the accuracy of the scheme with a relative small computational cost.
